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Abstract
A wave process induced by a plane wave in a vertically inhomogeneous half-space is considered. A traditional geophysical
inverse problem is that of recovering the acoustic impedance if the shape of incident wave and the corresponding surface
seismogram are known. The classical algorithm for solving this problem based on the reconstruction of the Sturm–Liouville
differential operator by using its spectral function is very sensitive to errors in the low-frequency range. We present a regularization
method based on approximate reconstruction of the medium with the use of the phase velocities of Love waves.
c© 2007 Elsevier Ltd. All rights reserved.
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Let us consider the propagation of plane SH-waves through an elastic half-space (x, y, z) ∈ R3, z > 0, whose
mechanical properties depend only on z. It is assumed that the waves are polarized along a straight line parallel to the
plane z = 0 and the stresses at the half-space boundary do not depend on the variables x and y. With these conditions
the medium’s point shift u depends only on the time t and the depth z and satisfies the acoustic equation
ρ(z)ut t = (µ(z)uz)z . (1)
Here ρ(z) is the density of the medium and µ(z) is the shear modulus at the depth z. It is known that the shear modulus
is expressed in terms of the density and wave propagation velocity v(z) by using the formula µ(z) = ρ(z)v2(z). In
what follows it is assumed that at z > z0 > 0 the functions ρ, µ, and v are constant and equal to some known values
of ρ0, µ0, and v0.
Assume that the surface z = 0 is free from external actions. That is,
uz |z=0 = 0, (2)
and the medium’s deformation is excited by a wave of the form f (t + z/v0) propagating from the domain z > z0
towards the boundary z = 0. Let us assume the function f (τ ) equal to zero for τ < z0/v0. This means that the
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Fig. 1. Real and reconstructed densities.
leading edge of the wave moves along the z axis. Before the leading edge reaches the domain z < z0, the full wave
field coincides with the initiating wave. In other words, the condition
u|t60 = f (t + z/v0) (3)
is satisfied.
The subject of our investigations is traditional direct and inverse problems of seismic sounding associated with
system (1)–(3). The problem of finding solution u(z, t) to this system when µ, ρ, and f are known is called the
direct problem. The inverse problem consists in determining the acoustic impedance σ = ρv if the shape f (τ ) of the
initiating wave and the wave field it generated at the medium’s surface (seismogram) g(t) = u(0, t) are known. Both
the direct and inverse problems are studied in detail in [1–8]. In these papers, conditions sufficient for the existence of
solutions were found and effective numerical methods for their construction are proposed.
Recall the general scheme for solving the inverse problem considered in [6–8]. This scheme is based on the classical
theorem of reconstructing the coefficients of the differential Sturm–Liouville operator by using its spectral distribution
function (see, for instance, [9,10]). Let F(ω) and G(ω) be Fourier images of the functions f and g, respectively,
σ0 = ρ0v0. Let
K (η) = 1
pi
∫ ∞
0
cos(ωη)
[
σ(0)|G(ω)|2
4σ0|F(ω)|2 − 1
]
dω.
Consider the integral equation
ϕ(η, 2ξ)+
∫ 2ξ
0
K (η − ζ )ϕ(ζ, 2ξ)dζ = 1, 0 6 η 6 2ξ.
The sought-for impedance can be expressed in terms of the solution to this equation by the formula
σ(z) = σ(0) · ϕ2(2ξ, 2ξ), where ξ =
∫ z
0
dζ
v(ζ )
.
The variable ξ is equal to the wave travel time from the depth z to the half-space boundary.
The most laborious stage of this algorithm – solving the integral equation – can be realized with the help of the
well-known Levinson method. As a result, we obtain an effective procedure that makes it possible to solve inverse
dynamic problems of seismic sounding with a high accuracy. Let us consider, for instance, a “pseudo-real” model of
the medium constructed on the basis of density and velocity measurements in a real well up to the depth z0 = 3362
meters. Corresponding plots are shown in Figs. 1 and 2 (solid lines).
Let us take the function in Fig. 3 as the initiating wave f (τ ) and, using these data, calculate the solution u(z, t)
to direct problem (1)–(3). If then we solve the inverse problem by using the function g(t) = u(0, t) instead of
the seismogram, the initial impedance can be reconstructed with a very high accuracy. The relative error in our
experiments did not exceed 0.1%. The reconstructed impedance as a function of ξ is shown by a solid line in Fig. 4.
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Fig. 2. Real and reconstructed velocities.
Fig. 3. Initiating wave.
Fig. 4. Real impedance and impedance reconstructed without regularization.
The calculations have also revealed a shortcoming of the approach proposed, namely, high sensitivity to errors in
the initial data f and g in the low-frequency range. To explain this fact we consider the following example. Let us
calculate, in addition to u(z, t), the solution u1(z, t) to the direct problem with the same density and initiating wave
as above. However, let the linear function connecting the initial and final points of the solid curve in Fig. 2 be taken
as the velocity. Denote by G(ω) and G1(ω) the Fourier images of g(t) = u(0, t) and g1(t) = u1(0, t), respectively.
Let g˜(t) be the Fourier original of the function
G˜(ω) =
{
G(ω), |ω| > 4pi,
G1(ω), |ω| 6 4pi.
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Fig. 5. Maximal wavenumber.
The “synthetic” seismogram g˜(t) differs from the “exact” seismogram g(t) in a comparatively narrow range of
cyclic frequencies of 0 ÷ 2 Hz. However, if now the impedance is reconstructed with the help of g˜, the result is
absolutely unsatisfactory. The dashed line in Fig. 4 shows the impedance reconstructed with the use of the “synthetic”
seismogram.
Unfortunately, modern measurement devices cannot provide sufficient accuracy of seismograms in the low-
frequency range. Therefore, the applicability of spectral methods to solve practical problems without additional
regularization is limited. The purpose of this work is to present a regularization method based on approximate
reconstruction of the medium with the use of the phase velocities of Love waves.
It is known that linearly polarized surface plane waves – Love waves – in a vertically inhomogeneous medium are
described by the following equation:
−ω2ρ(z)ψ = (µ(z)ψz)z − k2µ(z)ψ. (4)
This equation is obtained when searching for the solution (u, v, w) of the system of Lame´ equations in the form
u = w = 0, v = ψ(z, ω) · exp [i(kx − ωt)]. The k-numbers for which Eq. (4) has a nontrivial solution that satisfies
the conditions
ψz |z=0 = 0, lim
z→∞ψ = 0, (5)
are called horizontal wavenumbers. At certain conditions for each ω there exists a finite set of wavenumbers (see [11]).
Let kmax(ω) denote the largest wavenumber corresponding to the main mode of the Love wave at the frequency ω.
We give a practical method to calculate wavenumbers that can be used not only for continuous but also for piecewise
continuous µ and ρ. First, for fixed ω, we solve the Cauchy problem for Eq. (4) with the initial data
ψ |z>z0 = exp
(
−z
√
k2µ0 − ω2ρ0
)
. (6)
Condition (6) is the second of conditions (5) in the case that k2µ0 − ω2ρ0 > 0 (if k2µ0 − ω2ρ0 6 0, problem (4) and
(5) does not have a solution). At each point where the coefficient µ has a discontinuity it is also necessary that ψ and
µψz be continuous. Then we find the values for which the first of conditions (5) is satisfied by varying k, with the use
of the “shooting method”.
Applying this algorithm to the “pseudo-real” model of the medium considered above, for kmax(ω) we will obtain
the curve presented in Fig. 5. In geophysical practice, kmax(ω) is typically found by other methods, for instance, by
using seismograms of earthquakes in the processing of results of seismic observations [12].
Now, let us assume that the medium’s structure is unknown but kmax(ω) is determined in some way, and let us try to
reconstruct the medium approximately. We divide the interval [0, z0) into n equal segments [ai , ai+1), i = 1, . . . , n.
We search for the unknown velocity and density in the class of piecewise constant functions that take values vi and ρi
on the intervals [ai , ai+1).
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Fig. 6. Regularization effect.
It is known that there is a rather good correlation between the density and velocity of passing waves. We assume
that the following relation is satisfied:
ρi = αvβi , (7)
where α and β are some coefficients that have to be determined for solving the inverse problem.
Let us arbitrarily take v1, . . . , vn , α and β and find ρi from relations (7). For the corresponding piecewise constant
velocity and density, we calculate the largest wavenumber kmax(ω; v1, . . . , vn, α, β). It is assumed that the solution to
the inverse problem of approximate reconstruction of the medium is a set of variables (v1, . . . , vn, α, β) for which the
functional∫ ω2
ω1
|kmax(ω; v1, . . . , vn, α, β)− kmax(ω)|2dω
has a minimum.
Here kmax(ω) are horizontal wavenumbers as given functions of frequency. The integration limits ω1 and ω2 are
fixed and are chosen from practical considerations in each specific case. The minimum can be found by standard
methods, and we omit the details.
Let us present the results of approximate reconstruction of the medium using the wavenumber kmax(ω) shown in
Fig. 5. Let n = 15, ω1 = 0, and ω2 = 2pi · 20 (in many applications, the upper limit of cyclic frequency is close to 20
Hz). In these conditions the minimization procedure described above leads to piecewise constant velocity and density
shown by a dashed line in Figs. 1 and 2. The parameters α and β turn out to be equal to 1.71 and 0.241, respectively.
These values are close to those presented in the literature earlier.
Regardless of the fact that the approximations obtained for the velocity and density are very rough, they can be used
to regularize seismograms in the low-frequency range in the reconstruction of impedance by using spectral methods.
Let us return to the initial problem of impedance reconstruction by using the initiating wave shape f (τ ) and the
corresponding seismogram g(t). It has been shown that the result of solving the inverse problem will be wide of the
mark (far from reality) if the seismogram does not contain reliable information in the low-frequency range. In this
case, let us try to approximately reconstruct the medium by using horizontal wavenumbers of Love waves. For this
approximation and with the same wave shape f (τ ), we recalculate the corresponding seismogram g1(t). Finally, we
construct the synthetic seismogram g˜. This seismogram coincides with g in the high-frequency range and with g1 in
the low-frequency range. If we again reconstruct the impedance now using f and g˜ as the initial data, the result can
be rather acceptable.
We have performed a numerical experiment for the “pseudo-real” model of the medium considered above. The
initiating wave shape is shown in Fig. 3, and piecewise constant approximations for the velocity and density are
presented in Figs. 1 and 2. The seismograms were regularized in the range of cyclic frequencies of 0÷2 Hz. A dashed
line in Fig. 6 shows the reconstructed impedance and a solid line shows the initial impedance. The result obtained is
much better than that presented in Fig. 4.
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